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Abstract
We analyze the problem of generative complexity for varieties of semigroups. We focus
our attention on varieties generated by a 3nite semigroup. A variety is said to have polynomial
generative complexity if and only, if the number of k-generated semigroups it contains is bounded
from above by a polynomial in k. We fully characterize the class of 3nite semigroups which
generate varieties with polynomial complexity. It turns out that only semigroups of very special
shape have this property. These are semigroups with zero multiplication or semigroups which are
the product of a left-zero semigroup, a right-zero semigroup and an Abelian group. Moreover a
characterization of 3nite semigroups generating varieties with linear complexity is given. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: 20F05; 08B20; 08B26
1. Introduction
The problem of counting models in a given class of structures appears in a natural
way in some areas of research. For example some results concerning asymptotic prob-
abilities in 3nite model theory are based on counting 3nite models for a given theory.
Other areas in which counting in3nite structures is of special importance are Shelah’s
classi3cation theory and stability theory.
Since the 1970s the problem of counting models in a given class K has been
understood as determining the so-called 3ne spectrum – a function which assigns to
each cardinal ; up to isomorphism, the number of -element structures in K. One of
the Taylor’s results concerning 3ne spectra [8] is a characterization of those equational
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classes of algebras which contain exactly one model of cardinality 2k ; for each natural
number k; and do not have other 3nite models. It turns out that only varieties generated
by a two-element algebra can have this property. Later Quackenbush [7] and Clark and
Krauss [4] characterized varieties with minimal 3ne spectra generated by n-element
algebras. However, determining 3ne spectra of varieties in more general settings proves
to be very diHcult and there are only a few signi3cant results in this area.
In [2] Berman and Idziak suggest diIerent approach to counting models. For a variety
V they introduce the G-spectrum, a function GV, which counts, up to isomorphism,
k-generated models instead of k-element ones. The authors restrict themselves to 3nite
k. Determining the G-spectrum of a given variety V is related to 3nding its free
spectrum, that is the sizes of k-generated free algebras FV(k) in V for k = 1; 2; : : : .
This is due to the fact that every k-generated algebra in V is isomorphic to a quotient
of FV(k). The problem of describing G-spectrum is usually more complicated since two
diIerent congruences may lead to isomorphic quotients. It seems that 3nding solutions
to both problems requires deep insight in the structure of algebras from the variety V.
The paper [2] contains results concerning G-spectra of Post varieties i.e. varieties
generated by a single two-element algebra. The authors show that G-spectrum is either
bounded from above by some polynomial or bounds from above some exponential
function 2p(k) where p(k) is a polynomial in k. Moreover, it is either bounded from
above by some exponential function or bounds from above some doubly exponen-
tial function 22
p(k)
where p(k) is a polynomial in k. For polynomial and exponential
functions exact formulas are presented.
Subsequent papers by Berman and Idziak [3] and Idziak and McKenzie [6] contain
a study of G-spectra of 3nitely generated congruence modular varieties. In [3] the
authors fully characterize 3nitely generated congruence modular varieties with at most
singly exponential G-spectrum. In [6] a similar characterization is provided for 3nitely
generated congruence modular varieties with at most polynomial G-spectrum. Let V(S)
denote the variety generated by a semigroup S. Specializing the results to a 3nite group
G they show:
• There exists a constant c such that the G-spectrum, GV(G)(k); of V(G) is at most
22
ck
for each natural number k.
• There exist constants c and m such that GV(G)(k) ≤ 2ckm holds for each natural
number k iI the group G is nilpotent.
• There exists a polynomial p such that GV(G)(k) ≤ p(k) holds for each natural
number k iI the group G is Abelian.
In this paper we fully characterize varieties generated by a 3nite semigroup with at
most polynomial G-spectrum.
We say that V has very few models, if and only if, there exists a polynomial p
such that for every positive integer k we have GV(k) ≤ p(k). We say that V has at
least exponentially many models if and only if there exist positive real numbers a; b
and c such that for every positive integer k we have GV(k) ≥ c2akb . A variety is said
to have polynomial (exponential) generative complexity iI it has very few (at least
exponentially many) models. We analyze complexity of varieties generated by a 3nite
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semigroup. Our goal is to extract those semigroups from the class of 3nite ones which
generate varieties with very few models. We show that a semigroup S generates a vari-
ety with polynomial generative complexity if and only if S is a zero semigroup or it is
isomorphic to a product of a left-zero semigroup, a right-zero semigroup and an Abelian
group. A hint for the proof of this result is taken from a paper by GoralLcikovMa et al. [5].
During the proof we force, step by step, necessary conditions a semigroup generating
variety with polynomial generative complexity has to ful3ll. Every time it is possible to
exclude semigroups not satisfying these conditions using a construction similar to the
one presented below. Suppose V is a variety generated by a semigroup which is not of
a required shape. Then with a structure (X; R) where R is a binary relation on a 3nite set
X we associate a semigroup S(X; R) from V in such a way that non-isomorphic (X; R)′s
give rise to non-isomorphic S(X; R)′s. We keep the number of generators for S(X; R)
uniformly bounded by a polynomial in the size of |X |. Moreover, we use relations R
such that the number of non-isomorphic structures (X; R) with |X | = k grows faster
than any polynomial in k. Often the relation R is taken to be an equivalence relation
on X . The number (k) of non-isomorphic equivalence relation on a k-element set (or
equivalently the number of partitions of the integer k) is asymptotically given [1] by
(4k
√
3)−1 exp(
√
2k=3):
This implies that (k) ≥ 2c
√
k for some positive constant c. Consequently we are able
to produce exponentially many non-isomorphic semigroups.
2. Basic notions
Let us 3x the notation. The symbol |X | denotes the cardinality of the set X . By
〈a; b; : : :〉 we denote the semigroup generated by elements a; b; : : : . Let S= (S; ·) be a
semigroup. For an ideal I 	= ∅ i.e. a subset I ⊆ S such that both S · I ⊆ I and I · S ⊆ I;
the Rees quotient S=I is obtained by adjoining zero 0 to S and identifying all elements
of I with 0. The intersection of all ideals of S; known as the kernel of S will be
denoted by K(S). Note that if S is 3nite then K(S) is a non-empty set. We say that
the semigroup S is simple iI S=K(S). For a class M of semigroups, V(M) denotes
the variety generated by M i.e. the intersection of all classes of structures closed under
taking products, subalgebras and homomorphic images and containing M . In case M
consists of a single semigroup, M = {S}; we write V(S) for V(M). Let us list the
varieties of semigroups appearing in the paper:
• S – the variety of semilattices, generated by a two-element semilattice 〈a; b; a2 =
a; b2 = b; a · b= b · a= a〉
• Z – the variety of zero semigroups, generated by 〈c; d; c2 = d2 = c · d= d · c = c〉
• L – the variety of left-zero semigroups, by 〈u; v; u2 = u · v= u; v2 = v · u= v〉
• R – the variety of right-zero semigroups, by 〈x; y; x2 = y · x = x; y2 = x · y = y〉
• G – the variety of groups.
• A – the variety of Abelian groups.
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The join V∨W of two varieties V and W is the smallest variety containing both V
and W. The variety L ∨R ∨ G is called the variety of rectangular groups.
3. Semigroups with polynomial complexity
We start with citing the following lemma from [2].
Lemma 1 (Berman and Idziak [2]). The variety of semilattices has at least exponen-
tially many models.
Let U and V be the semigroups given by the following tables:
U a b c 0
a 0 c 0 0
b 0 0 0 0
c 0 0 0 0
0 0 0 0 0
V a b c 0
a 0 c 0 0
b c 0 0 0
c 0 0 0 0
0 0 0 0 0
We will show that the number of k-generated semigroups both in V(U) and V(V) is
bounded from below by an exponential function. More precisely, the following lemma
holds for the semigroups U and V:
Lemma 2. The functions GV(V)(k) and GV(U)(k) are bounded from below by 2k−5.
Proof. First we show that the number of non-isomorphic (di)graphs with n+5 vertices
exceeds the number of subsets of n-element set. Consider the graph in Fig. 1. There
are exactly n vertices in the chain C. Now produce a new graph (Fig. 2) by adjoining
some vertices in C to a new vertex x.
Two graphs produced in this way are isomorphic iI exactly the same vertices have
been chosen.
We complete the proof by showing that the number of k-generated semigroups in
V(U) [V(V)] exceeds the number of directed [undirected] graphs with k vertices
without loops and isolated points. For a directed graph (X; R) de3ne a mapping
Fig. 1.
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Fig. 2.
f :X → UR by
[f(x)](r) =


a if r = (x; y) for some y ∈ X;
b if r = (t; x) for some t ∈ X;
0 otherwise:
The image Imf generates a subsemigroup of UR isomorphic to the semigroup S(X; R)=
(X ∪ R ∪ {0}; ·) with x · y = (x; y) if (x; y) ∈ R and x · y = 0 otherwise. Let (X1; R1)
and (X2; R2) be directed graphs without loops and isolated points. Let i : S(X1; R1) →
S(X2; R2) be a semigroup isomorphism. We show that i(X1)=X2 and i restricted to X1
is a graph isomorphism. Suppose there is a vertex v ∈ X1 such that i(v) = r for some
r ∈ R2 ∪{0}. We 3nd a vertex u ∈ X1 such that u · v ∈ R1. On the other hand, r · s=0
for each s ∈ R2∪{0} which contradicts the fact that i is an isomorphism. Now assume
that there is (u; v) ∈ R1 such that (i(u); i(v)) 	∈ R2. This means that for u · v ∈ R1 we
have i(u) · i(v)=0; a contradiction. We get (X1; R1)  (X2; R2) iI S(X1; R1)  S(X2; R2).
For an undirected graph (X; E) without loops and isolated points de3ne a mapping
g : X → VE as follows: for every e = {x; y} ∈ E choose and 3x a bijection %e :
{x; y} → {a; b} and then set
[g(z)](e) =
{
%e(z) if z ∈ e;
0 otherwise:
Then Im g generates a subsemigroup of VE isomorphic to the semigroup S(V; E) =
(X ∪ E ∪ {0}; ·) with x · y = {x; y} if {x; y} ∈ E and x · y = 0 otherwise. Arguing
similarly as for directed graphs we get (X; E)  (X1; E1) iI S(X; E)  S(X1; E1). Since
both S(X; R) and S(X; E) have |X | generators we are done.
In the next theorem we show that if the semigroup A generates the variety with
very few models then there do not exist ideals properly contained in A · A.
Theorem 3. If A is a :nite semigroup such that V(A) has very few models then
A2 = K(A).
Proof. We will show that if A2 	= K(A) then S⊆V(A) or U ∈V(A) or V ∈V(A).
Thus Theorem 3 will follow from Lemmas 1 and 2.
If K(A) 	= 0 we factor out by K(A) and replace A by A=K(A). Thus we may assume
that A2 	= 0=K(A). Suppose 3rst that there is c ∈ A with c2 	= 0. Since the semigroup
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〈c〉 is 3nite it contains an idempotent e. If e 	= 0 then {e; 0} is a non-trivial semilattice
and therefore S⊆V(A). In the case e = 0 we pass to the quotient P = {c; c2; 0} of
〈c〉 by identifying ck with 0 for all k ≥ 3. Then for the subsemigroup R of P×P×P
generated by a=(c2; c; c) and b=(c; c2; c) we have R= {a; b; a · b; a2; b2; 0}. Moreover
J = {a2; b2; 0} is an ideal of R with R=J  V. This shows that if A has an element
that does not square to 0 then V(A) contains S or V(V).
Now suppose that c2 = 0 for all c ∈ A. Since A2 	= 0 there exist a; b ∈ A with a 	= b
and a ·b 	= 0. We have a ·b 	∈ {a; b}. Indeed, if for example a ·b=a then 0=a ·b2=a ·b;
a contradiction. One easily checks that J = 〈a; b〉 − {a; b; a · b} is an ideal in 〈a; b〉.
Moreover 〈a; b〉=J is isomorphic to either U or V depending on whether b · a ∈ J or
not. In either case V(A) ∩ {V;U} is not empty.
It turns out that the condition forced in Theorem 3 is also satis3ed by some semi-
groups generating varieties with at least exponentially many models. In the next theorem
we exclude some of them by showing that simple semigroups and zero semigroups are
the only ones that can generate varieties with very few models. However, as we show
in the following lemma it is impossible to maintain polynomial complexity if zero
semigroups appear together with any other semigroups.
Lemma 4. Let A be a :nite semigroup. If A 	∈Z then the variety V(A)∨Z has at
least exponentially many models.
Proof. Let (k) denote the number of partitions of the integer k. We show that the
number of 2k-generated semigroups in V(A) ∨Z is bounded from below by (k).
Since A 	∈Z then for k ≥ 4 the variety V(A) contains a k-generated free semigroup
S = (S; ·) with |S2| ≥ 2. Let G = {g1; : : : ; gk} be the set of free generators of S. For
every partition k = n1 + · · · + nk for ni ≥ 0 we form a new semigroup by adding k
new elements b1; : : : ; bk each of which behaves similarly to some generator from G.
More precisely, for a mapping f : B = {b1; : : : ; bk} → G with |f−1(gi)| = ni de3ne
multiplication on S ∪ B as follows:
x ∗f y =


x · y if x; y ∈ S;
x · f(y) if x ∈ S and y ∈ B;
f(x) · y if x ∈ B and y ∈ S;
f(x) · f(y) otherwise:
The semigroup (S ∪B; ∗f) is 2k-generated. We show that (S ∪B; ∗f) is in V(A)∨Z.
Let B0 = (B ∪ {0}; ·) be a zero semigroup with zero element 0 that is for each x and
y in B ∪ {0} we have xy = 0. Now form the semigroup S × B0 and then choose its
subsemigroup T such that S ×{0}⊆T and for b 	= 0 and s ∈ S we have (s; b) ∈ T iI
s ∈ G and b ∈ f−1(s). Clearly, T is in V(A) ∨Z and is isomorphic to (S ∪ B; ∗f).
The function f determines an equivalence relation %f on B by bi%fbj iI f(bi) =
f(bj). We show that for two mappings f1; f2 : B → G if (B ∪ S; ∗f1 )  (B ∪ S; ∗f2 )
then (B; %f1 )  (B; %f2 ) which implies that the number of 2k-generated semigroups in
V(A) ∨Z is at least (k). Let i : (B ∪ S; ∗f1 ) → (B ∪ S; ∗f2 ) be an isomorphism.
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Elements in B cannot be obtained as a result of multiplication. Since S is free then
either G⊆ S2 or G ∩ S2 = ∅.
In the 3rst case we have i(B) = B. If the structures (B; %f1 ) and (B; %f2 ) are not
isomorphic then there exist bm and bn such that f1(bm) = f1(bn) and f2(i(bm)) 	=
f2(i(bn)) (or there exist bu and bv such that f2(bu) = f2(bv) and f1(i−1(bu)) 	=
f1(i−1(bv)); in this case we argue similarly). We have bm ∗f1 bm = bn ∗f1 bn = bm ∗f1
bn=bn ∗f1 bm and, since i is an isomorphism, i(bm)∗f2 i(bm)= i(bn)∗f2 i(bn)= i(bm)∗f2
i(bn) = i(bn) ∗f2 i(bm). Since f2(i(bn)) and f2(i(bm)) are free generators, S satis3es
the identity x2 = y2 = xy = yx and consequently |S2|= 1; a contradiction.
Suppose G∩S2=∅. We have i(G∪B)=G∪B. De3ne two mappings g1; g2 : G∪B→ G
as follows:
gi =
{
x if x ∈ G;
fi(x) if x ∈ B;
for i = 1; 2. If (B; %f1 ) and (B; %f2 ) are not isomorphic then there exist x ∈ B ∪G and
y ∈ B ∪ G such that g1(x) = g1(y) and g2(i(x)) 	= g2(i(y)) (or there exist u and v
in B ∪ G such that g2(u) = g2(v) and g1(i−1(u)) 	= g1(i−1(v)); in this case we argue
similarly). For any p; q ∈ B∪S we de3ne p∗gi q=p∗fi q so i : (B∪S; ∗g1 )→ (B∪S; ∗g2 )
is an isomorphism. Arguing as in the previous case we get a contradiction with the
cardinality of S2.
From Theorem 3 and Lemma 4 we get the following:
Theorem 5. If A is a :nite semigroup such that V(A) has very few models then
A= K(A) or A ∈Z.
Proof. Assume A 	= K(A). Then by Theorem 3 the quotient A=K(A) is a non-trivial
zero semigroup. Therefore Z⊆V(A). By Lemma 4 we have A ∈Z.
So far we know that if the number of k-generated semigroups in V(A) is bounded
by p(k) for some polynomial p then either A is simple or A ∈Z. On the other hand,
for A ∈ Z the variety V(A) has very few models since non-isomorphic semigroups
in Z cannot have the same cardinality and every k-generated semigroup in Z has at
most k elements. We face a natural question whether every simple semigroup generates
a variety with very few models. The answer is negative – we will soon give an
example of a simple semigroup which generates a variety with exponentially many
models. Moreover we extract those semigroups, from the class of the simple ones,
with polynomial generative complexity.
For a group G; two sets X; Y; and a mapping P : Y ×X → G such that (y; x) → py;x
we de3ne a multiplication on the set G×X ×Y by putting (a; x; y) · (b; u; v)=(a ·py;u ·
b; x; v). The resulting semigroup is called the Rees matrix semigroup M (G; X; Y; P)
of type (|X |; |Y |) with a structure group G and a sandwich matrix P. For a prime
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number p let Kp =M (Cp; 2; 2; P); where Cp is a cyclic group of order p; 2 = {0; 1};
a ∈ Cp; a 	= 1 and P is a matrix given by(
a 1
1 1
)
:
According to Rees’s Theorem, every simple semigroup is isomorphic to some Rees
matrix semigroup. We use this fact in the following lemma to show that for every
simple semigroup H which is not a rectangular group we have Kp ∈V(H) for some
prime number p. Later we show that Kp has exponential generative complexity. Thus
searching for semigroups with polynomial generative complexity we may restrict our-
selves to rectangular groups.
Lemma 6. Let A be a :nite simple semigroup. Then either A ∈ L ∨ R ∨ G or
Kp ∈V(A) for some prime number p.
Proof. Let A1 = M (G; X; Y; P1) and A2 = M (G; X; Y; P2) be Rees matrix semigroups
diIering at most by their sandwich matrices in such a way that p2y;x = r(y)p
1
y;xc(x)
for some mappings r : Y → G; c : X → G. One easily checks that A1 and A2 are
isomorphic. In particular, for any Rees semigroup if we multiply an entire row or
column of its matrix by some element from its structure group we obtain isomorphic
semigroup.
Now suppose that A 	∈ L ∨R ∨ G. Since A is 3nite we can decompose A into a
direct product A = A1 × · · · × An of directly indecomposable semigroups. Thus there
is i0 with Ai0 	∈ L ∨ R ∨ G. The semigroups Ai’s are simple since A is so. There-
fore Rees theorem tells us that Ai0  M (Gi0 ; Xi0 ; Yi0 ; Pi0 ). We know that both Xi0 and
Yi0 have at least two elements. If that is not true then Pi0 has only one row or one
column. Thus Ai0 is isomorphic to some Rees semigroup with a matrix containing
only 1’s which is impossible as Ai0 	∈ L ∨ R ∨ G. Now multiply rows and columns
of Pi0 by some elements from Gi0 in such a way that the obtained matrix contains a
submatrix(
b 1
1 1
)
for b 	= 1. This operation is always possible unless the semigroup Ai0 is isomor-
phic to some Rees semigroup with a matrix containing only 1’s. Now, from the ob-
tained semigroup, which is isomorphic to Ai0 ; select a subsemigroup M (〈b〉; 2; 2; P)
for
P =
(
b 1
1 1
)
:
The semigroup M (〈b〉; 2; 2; P) can be factorized onto Kp for a prime number p dividing
the order of b.
Now we show that the number of k-generated semigroups in V(Kp) exceeds any
polynomial. More precisely, consider the set E of equivalence relations on X satisfying
M. Bilski / Journal of Pure and Applied Algebra 165 (2001) 137–149 145
the following conditions:
|X=R|¿ 4; (1)
|x=R|¡ |X |=2 (2)
for any R ∈ E and x ∈ X . To every relation in E we assign a semigroup from V(Kp)
in such a way that two semigroups are non-isomorphic provided the starting relations
are such.
Lemma 7. The number of non-isomorphic k-generated semigroups in V(Kp) is at
least (k=2) (((k − 1)=2) if k is odd).
Proof. Let % be an equivalence relation on a set X . Let M (Cp; X; X=%; P%) be a Rees
matrix semigroup with P% : X=%× X → Cp given by
P%(V; u) =
{
a if u ∈ V;
1 otherwise;
where a ∈ Cp and a 	= 1. First we show that M (Cp; X; X=%; P%) ∈ V(Kp). For each
(x; Y ) ∈ X × X=% de3ne a 2× 2 matrix Ax;Y by
Ax;Y =


(
a 1
1 1
)
if x ∈ Y;(
1 1
1 1
)
otherwise:
The semigroups M (Cp; 2; 2; Ax;Y ) are in V(Kp) for both x ∈ Y and x 	∈ Y . Indeed,
if x ∈ Y then the semigroup is exactly Kp. In the latter case it is suHcient to notice
that Kp contains a subsemigroup isomorphic to Cp. Moreover, Kp can be factorized
onto L × R for L a two-element left-zero semigroup and R a two-element right-zero
semigroup by a homomorphism h : Kp → L × R such that h(g; l; r) = (l; r). On the
other hand, for x 	∈ Y we have Cp × L× R  M (Cp; 2; 2; Ax;Y ).
Let M be the product semigroup∏
(x;Y )∈(X×X=%)
M (Cp; 2; 2; Ax;Y ):
Note that M is isomorphic to
M (CX×X=%p ; 2
X×X=%; 2X×X=%; A);
where A : 2X×X=% × 2X×X=% → CX×X=%p is such that
(A(f; g))(x; Y ) = Ax;Y (f(x; Y ); g(x; Y ));
for (x; Y ) ∈ X × X=% and f; g : X × X=% → 2. We will identify the semigroup M
with its isomorphic copy M (CX×X=%p ; 2X×X=%; 2X×X=%; A). Now de3ne a homomorphism
h : CX×X=%p → Cp as follows: h(f) =
∏
(x;Y )∈(X×X=%) f(x; Y ). Consider the Rees matrix
semigroup N = M (Cp; 2X×X=%; 2X×X=%; h(A)) with h(A) : 2X×X=% × 2X×X=% → Cp such
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that (h(A))(f; g) = h(A(f; g)). This semigroup is the homomorphic image of M by
H : M → N for H (o; p; q)=(h(o); p; q) where o ∈ CX×X=%p and p; q ∈ 2X×X=%. Now for
each x ∈ X and Y ∈ X=% de3ne mappings ix : X × X=% → {0; 1} and jY : X × X=% →
{0; 1} such that:
ix(u; V ) =
{
0 if u= x;
1 else
and
jY (u; V ) =
{
0 if V = Y;
1 else:
Next select a subsemigroup N′ of N such that N′=M (Cp; {ix: x ∈ X }; {jY : Y ∈ X=%}; B)
where B is h(A) restricted to {ix: x ∈ X } × {jY : Y ∈ X=%}. One easily checks that N′
is isomorphic to M (Cp; X; X=%; P%) and is in V(Kp).
Now, suppose that T is a subsemigroup of the Rees matrix semigroup
M (Cp; X; X=%; P%) for some equivalence relation %; and suppose that x · y = x for any
x; y ∈ T . For x ∈ T we have x = (g; u; V ) for some g ∈ Cp; u ∈ X and V ∈ X=%.
Since x2 = x then g = a−1 if u ∈ V; and g = 1 otherwise. If x = (g1; u1; V1) ∈ T and
y= (g2; u2; V2) ∈ T then V1 = V2. Let T (V ) = {(g; u; V ): g= a−1 if u ∈ V; g= 1 else}.
One easily checks that the semigroup T is a maximal element in the set of left-zero
subsemigroups of M (Cp; X; X=%; P%) ordered by ⊆ iI T = T (V ) for some V .
Consider equivalence relations %1 and %2 ∈ E. We show that if M1 =
M (Cp; X; X=%1; P%1 )  M (Cp; X; X=%2; P%2 )=M2 then (X; %1)  (X; %2). Let i : M1 →M2
be an isomorphism. We will construct a bijection b : X=%1 → X=%2 with the property
that both V ∈ X=%1 and b(V ) ∈ X=%2 have the same cardinality. De3ne b as follows :
b(V ) = U iI i(T (V )) = T (U ). This function is properly de3ned and is a bijection as
neither T (V ) nor T (U ) can be extended to bigger left-zero semigroups. It remains to
show that |V |= |b(V )|.
Let (1; w; V ) ∈ T (V ) with i((1; w; V ))=(g; m; U ) for some (g; m; U ) ∈ T (U ). For g; m
and U the following must hold: g=1 and m 	∈ U . Indeed, assume g=a−1 and m ∈ U .
Since |V |; |U |¡ |X |=2 there exist (1; w1; V ) and (1; m1; U ) = i((1; w1; V )). Both X=%1
and X=%2 have at least 3ve elements therefore there exists Y ∈ X=%2 such that m;m1 	∈ Y
and there exists Q ∈ X=%1 such that w; w1 	∈ Q and i((o; p; Q)) = (1; m; Y ) for some
o ∈ Cp and p ∈ X . Let %; :; ; and < denote (1; w; V )·(o; p; Q) and (a−1; m; U )·(1; m; Y )
and (1; w1; V ) · (o; p; Q) and (1; m1; U ) · (1; m; Y ), respectively. We have i(%) = : and
i(;)=<. On the other hand, :2=:; <2 	= < whereas %2=% iI ;2=;; which is impossible
as i is an isomorphism. Hence i((1; w; V ))= (1; m; U ); m 	∈ U . Consequently |V |= |U |.
Since M (Cp; X; X=%; P%) is generated by the set {(1; x; [x]): x ∈ X }; the number of
k-generated models in V(Kp) is at least the number of non-isomorphic k-element sets
with equivalence relation satisfying inequalities (1) and (2). One easily checks that
GV(Kp)(k) ≥ (k) − (k=2)(k=2) − (k + 5)5 ≥ (k=2) (GV(Kp)(k) ≥ ((k − 1)=2) if k
is odd) for suHciently large k.
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Combining Theorem 5, Lemmas 6 and 7 we have
Corollary 8. If the variety generated by a :nite semigroup A has very few models
then A ∈L ∨R ∨ G or A ∈Z.
All semigroups in the variety L ∨ R ∨ G decompose nicely as described in the
following:
Lemma 9. If A ∈ L ∨ R ∨ G then A  L × R × G for some L ∈ L;R ∈ R and
G ∈ G.
Proof. Since every semigroup of the form L × R × G for some L ∈ L;R ∈ R and
G ∈ G is in L ∨R ∨ G; it is suHcient to show that the class of such semigroups is
a variety – in other words it is closed under products, subalgebras and homomorphic
images. The case of products is obvious so we pass on to subalgebras.
We show that every subsemigroup B of A = L × R × G is of a required form.
For L; R and G projections on the 3rst, second and third coordinate we have B =
L(B)×R(B)×G(B). Indeed, for l1 ∈ L(B); r1 ∈ R(B) and g1 ∈ G(B) there exist
l2; l3 ∈ L(B); r2; r3 ∈ R(B) and g2; g3 ∈ G(B) such that (l1; r2; g2); (l2; r1; g3) and
(l3; r3; g1) ∈ B. There exist k1 and k2 natural numbers such that (l1; r2; g2)k1 = (l1; r2; 1)
and (l2; r1; g3)k2 = (l2; r1; 1) therefore (l1; r1; g1) = (l1; r2; 1) · (l3; r3; g1) · (l2; r1; 1) ∈ B.
Next we show that every quotient of A = LA × RA × GA for LA ∈ L; RA ∈ R;
GA ∈ G is isomorphic to B = LB × RB × GB for some LB ∈ L; RB ∈ R; GB ∈ G.
Let % be a congruence on A. Now 3x l ∈ L(A); r ∈ R(A) and g ∈ G(A) and
de3ne congruences: %L on L such that l1%Ll2 iI (l1; r; 1)%(l2; r; 1); %R on R such
that r1%Rr2 iI (l; r1; 1)%(l; r2; 1) and %G on G such that g1%Gg2 iI (l; r; g1)%(l; r; g2).
One easily checks that the mapping i : A=% → L=%L × R=%R × G=%G such that
i([(u; v; f)]) = ([u]; [v]; [f]) for u ∈ L; v ∈ R and f ∈ G is properly de3ned and is
an isomorphism. We de3ne LB:=L=%L;RB:=R=%R and GB:=G=%G.
So far we know that if a 3nite semigroup A generates a variety with very few models
then either A ∈ Z or A = L × R × G for some L ∈ L;R ∈ R and G ∈ G. As we
show later, semigroups L and R do not considerably inPuence generative complexity
of the variety V(L×R×G). It turns out that the number of k-generated structures in
V(L×R×G) mostly depends on the group G. The problem of generative complexity
for groups is discussed in [6] and [3]. Here we cite the following:
Theorem 10 (Berman and Idziak [3] Idziak and McKenzie [6]). A :nite group G gen-
erates a variety with very few models i; G is Abelian.
As a corollary we obtain a necessary condition for polynomial complexity of the
variety V(A) for a 3nite semigroup A.
Corollary 11. Let A be a :nite semigroup. If the variety V(A) has very few models
then A ∈Z or A = L× R×G for some L ∈L; R ∈ R and G ∈A
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Proof. We have proved that if V(A) has very few models then A ∈ L ∨R ∨ G or
A ∈ Z. Suppose A ∈ L ∨R ∨ G. By Lemma 9 we have A  L × R × G for some
L ∈L;R ∈ R;G ∈ G. Moreover, V(G)⊆V(A) so G must be Abelian.
The following theorem fully characterizes 3nite semigroups generating varieties with
very few models.
Theorem 12. A :nite semigroup A generates a variety with very few models i; A
is a zero semigroup or A = L × R × G for some left-zero semigroup L; right-zero
semigroup R and an Abelian group G.
Proof. It is suHcient to show that if A=L×R×G then V(A) has very few models
(for A ∈ Z the thesis is obvious). By Lemma 9 S ∈ V(A) iI S  M × N ×H for
some M ∈L;N ∈ R and H ∈A. If S has at most k generators, then |L|; |R| ≤ k and
H has at most k generators so the number of k-generated semigroups in the variety
V(A) is at most k2 · w(k) where w(k) is the bound of the number of k-generated
groups in V(G). Since the group G is Abelian, the function w(k) is a polynomial by
Theorem 10, and we are done.
In [9] Warne gives the characterization of simple semigroups satisfying the term
condition. Namely, a simple semigroup satis3es the term condition, if and only if, it
is isomorphic to a product of a left-zero semigroup, a right-zero semigroup and an
Abelian group. On the other hand, in [6] Idziak and McKenzie make the following
conjecture: every locally 3nite variety with polynomially many models satis3es the
term condition.
We have given the characterization of 3nite semigroups generating varieties with
polynomially many models. This result would follow from Warne’s characterization
provided we had the proof of the conjecture. This is because, as we have shown, a
semigroup generating a variety with polynomially many models which is not simple
must be a zero semigroup.
4. Semigroups with linear complexity
As a corollary we get a necessary and suHcient condition for linear complexity of
varieties generated by a 3nite semigroup. That is, we fully characterize 3nite semi-
groups which generate varieties with the number of k-generated models bounded from
above by a linear function. Let Zm denote a cyclic group of order m.
Corollary 13. A :nite semigroup A generates a variety with linear generative com-
plexity i; A ∈ Z or A ∈ L or A ∈ R or A is isomorphic to Zp × Zp × · · · × Zp
for a prime number p.
Proof. If A ∈ Z or A ∈ L or A ∈ R then A is k-generated iI A has at most k
elements and therefore GV(A)(k) = k. Suppose A  (Zp)s for a prime number p and
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a natural number s. We have B ∈V(A) iI B is isomorphic to (Zp)k for some natural
number k. One easily checks that for k ≥ 1 the group (Zp)k is k-generated and is not
k − 1 generated. Therefore GV(A)(k) = k + 1.
Now assume that there exist real numbers a and b such that for all k we have
GV(A)(k) ≤ ak+ b. From Corollary 11 we know that either A ∈Z or A  L×R×G
for some L ∈L;R ∈ R and G ∈A. In the latter case only one of the semigroups in
the product can be non-trivial. Indeed, for A  L × R with both |L|¿ 1 and |R|¿ 1
every semigroup of the form L1×R1 for L1 ∈L and R1 ∈ R with max{|L1|; |R1|} ≤ k
is k-generated and is in V(A). Thus the number of k-generated semigroups in V(A)
is at least
∑k
i=1 i = k(k + 1)=2. If A  L × G (for R × G we argue similarly) with
both |L|¿ 1 and |G|¿ 1 then L × Zp ∈ V(A) for some prime number p. Since
L× (Zp)k is max{k; |L|}-generated, the number of k-generated models in V(A) is at
least k(k + 1)=2.
Now suppose that A is an Abelian group. Every 3nite Abelian group is isomorphic
to Zpe11 × · · · ×Zpell for some natural numbers ei and prime numbers pi for 1 ≤ i ≤ l.
We show that e1 = · · · = el ≤ 1 and p1 = · · · = pl. Suppose that pi 	= pj for some
1 ≤ i; j ≤ l. Then both Zpi and Zpj are subgroups of A. Thus groups of the form
(Zpi)
m × (Zpj)n for m; n natural numbers are in V(A). These groups, however, for
diIerent pairs (m; n) are not isomorphic as they have diIerent cardinalities. Moreover,
(Zpi)
m × (Zpj)n is (m + n)-generated. Consequently, there are at least k(k + 1)=2
non-isomorphic k-generated groups in V(A).
Now, it is suHcient to show that e1 = · · · = el ≤ 1. Suppose that ei ¿ 1 for some
1 ≤ i ≤ l. Then Zpi and Zp2i are subgroups of A and (Zp2i )m× (Zpi)n is in V(A) for
any m; n natural numbers. Since pi|p2i an element a=(a1; : : : ; am+n) ∈ (Zp2i )m× (Zpi)n
generates a cyclic subgroup of order p2i iI ai generates Zp2i for some 1 ≤ i ≤ m.
Thus two groups of this form but with diIerent exponents m or n are not isomorphic
as either they have diIerent cardinalities or do not contain the same number of cyclic
subgroups of order p2i . Consequently, there are at least k(k + 1)=2 k-generated groups
in V(A).
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